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Abstract
We investigate topological and disorder effects in non-Hermitian systems with chiral symmetry.
The system under consideration consists in a finite Su-Schrieffer-Heeger chain to which two semi-
infinite leads are attached. The system lacks the parity-time and time-reversal symmetries and
is appropriate for the study of quantum transport properties. The complex energy spectrum is
analyzed in terms of the chain-lead coupling and chiral disorder strength, and shows substantial
differences between chains with even and odd number of sites. The mid-gap edge states acquire a
finite lifetime and are both of topological origin or generated by a strong coupling to the leads. The
disorder induces coalescence of the topological eigenvalues, associated with exceptional points and
vanishing of the eigenfunction rigidity. The electron transmission coefficient is approached in the
Landauer formalism, and an analytical expression for the transmission in the range of topological
states is obtained. Notably, the chiral disorder in this non-Hermitian system induces unitary
conductance enhancement in the topological phase.
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I. INTRODUCTION
Different non-Hermitian models have been developed mainly for their exotic properties
coming from the complex eigenvalues and biorthogonal eigenvectors, combined with differ-
ent symmetry arguments. For instance, much attention has been paid to non-Hermitian
models with parity-time (PT ) symmetry, which exhibit both real and complex eigenvalues
depending on internal parameters [1, 2]. Such kind of non-Hermitian Hamiltonians are used
for describing the gain and loss processes in optical lattices [3–6].
There is a recent trend to identify topological phases in non-Hermitian systems. The
question of defining bulk topological invariants and to find the correspondence to boundary
states (the so-called bulk-boundary correspondence) is still a controversial discussion [7–16].
In parallel, the disordered topological matter is also of considerable interest [17–19].
The Su-Schrieffer-Heeger (SSH) model is a platform commonly used for developing new
topological concepts. Looking for new physics, the Hermitian model was extended by adding
next-nearest-neighbor-hopping [20], disorder [19], or expanding the unit cell [21]. In this
paper, we look for the properties of the topological phase in open mesoscopic (finite-size) SSH
systems. In this case, the non-Hermiticity is induced by the coupling to external reservoirs,
and describes the electron transport problem. More explicitly, while the confined (finite)
system is described by a Hermitian Hamiltonian, the open system obtained by attaching
semi-infinite wires can be described by an effective Hamiltonian, which turns out to be non-
Hermitian [22–24]. As for the symmetries, the non-Hermitian Hamiltonian related to the
open system lacks the time-reversal T and PT (its eigenvalues being always complex), but
keeps the chiral symmetry C of the SSH chain.
In the present study, we demonstrate effects arising from non-Hermiticity and disorder,
the purpose of the paper being twofold: i) to look for the fate of the mid-gap topological edge
states when the coupling (hybridization) to the leads is introduced gradually, and ii) to study
the competition between the coupling parameter (which controls the non-Hermiticity) and
the disorder strength. We deliberately analyze the non-diagonal disorder (which affects the
chain bonds) as it preserves the chiral symmetry of the SSH system and has the advantage
of allowing an analytical solution.
Spectral and quantum transport quantities, describing the response of the topological
states to the chain-lead coupling and chiral disorder, are calculated analytically and numer-
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ically. We deduce the exact analytical expression (22) of the electron transmission on the
topological states, which shows a non-monotonic dependence on the coupling parameter and
also a unitary peak. This behavior is explained in terms of density of states and is supported
by the dwell time and the reflected flux delay.
The dependence of the transport properties on the disorder strength is nontrivial and
allows for a disorder-induced conductance in the case of sufficiently strong coupling. The
origin of this effect consists in the delocalization process of the edge states generated by
the chiral disorder. It is to mention that the unitary transmission is conserved even in the
disordered case.
We also find that, under the condition of strong hybridization, mid-gap edge states may
occur even in the non-topological range of parameters. Another finding of interest is the
level coalescence in the topological and non-topological phase, which can be induced by the
chiral disorder, and depends on the chain length and the chain-lead coupling.
The paper is structured as follows: In Section II, we discuss the spectral properties of
the topological phase for ordered and disordered finite SSH chains. The spectral proper-
ties of the non-Hermitian Hamiltonian in topological/non-topological phase, including the
coalescence problem and the phase rigidity, are evidentiated in Section III. In Section IV,
the quantum transport on the topological states (transmission coefficient, dwell time and
reflected flux delay) is analyzed analytically and numerically. The section also highlights
the chiral disorder effects on the density of states and transport properties. The results are
summarized in the last section.
II. SPECTRAL PROPERTIES OF THE FINITE SSH-CHAIN WITH CHIRAL
DISORDER
The SSH model consists in a bipartite one-dimensional diatomic chain with alternating
hopping parameters t1 and t2, which connect the sites of type A and B. The model is
described by the following tight-binding spinless Hermitian Hamiltonian:
H = t1
∑
i
c†2i−1c2i + t2
∑
i
c†2ic2i+1 +H.c.. (1)
As we shall see, there are significant differences in the spectral and transport properties of
the finite chains with even or odd number of sites. It is to remind that in the case of infinite
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chains, by imposing periodic boundary conditions, the Hamiltonian (1) can be rewritten in
the momentum representation as:
H =
∑
~k
(
a†k b
†
k
)
H(k)

 ak
bk

 , H(k) = (t1 + t2cosk)σx + t2sinkσy . (2)
where σx, σy are Pauli matrices. The above Hamiltonian shows chiral symmetry
{σz, H(k)} = 0, but lacks both the parity P and time-reversal T symmetries. That is,
the SSH model belongs to the AIII class [25, 26] and may show a topological transition
controlled by the ratio t2/t1 and specified by a winding number ν.
In what concerns the finite chains, one may expect that the chain ends play a relevant
role for the spectral and topological properties. Let us denote by NA and NB, the number of
A and B atoms in the finite chain, respectively. Assuming that the chain begins with A and
ends also with A, the total number of lattice sites N = NA +NB is odd, and NA−NB = 1.
Then, a theorem valid for bipartite lattices states that the energy spectrum contains at least
one eigenvalue in the middle of the gap at E = 0 [27, 28]. On the other hand, if the chain
begins with A and ends with B, i.e., the total number of sites N is even, one hasNA−NB = 0,
and the minimum number of allowed states at the midgap equals zero.
In what concerns the topological properties, a guess can be done in advance. Since for
N=odd the number of t1-bonds and of t2-bonds are equal, the ratio t2/t1 becomes meaningless
as a criterion for a topological transition, so that we do not expect topological properties
for SSH chains with an odd number of sites.
On the contrary, for N=even, as consequence of the bulk-edge correspondence, two topo-
logical edge states should appear if t2/t1 > 1, but they cannot be located strictly at zero
energy, as this is forbidden by the before-mentioned theorem. The emergence of the topo-
logical states can be visualized by reducing gradually the hopping parameter tN,1 between
the last and the first site of the chain with periodic boundary condition. The decrease of
tN,1 breaks the periodicity and gives rise to a pair of states in the gap, which become quasi-
degenerate in the middle of the gap as shown in Fig.1. The eigenvalues of several disordered
configurations of the same chain are also shown in Fig.1 (blue points) in order to prove the
robustness of the topological states created near t1N = 0 (in the domain encircled by the
black curve). In what follows, we approach the question of the quantum states located in
the middle of the gap in the case of finite SSH chains with an even number of sites, the
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FIG. 1: The crossover of the energy spectrum of the finite chain from periodic (t1N = 1) to open
(t1N = 0) boundary condition. Eigenvalues of ten disordered configurations are superimposed over
the spectrum of the ordered chain (shown in blue and red, respectively). The chain length is
N = 40, disorder strength is W = 0.7, and t2/t1 = 1.5.
only ones which are interesting from the topological point of view. Looking for the wave
functions as:
|Ψ〉 =
Nc∑
n=1
(ΨAna
†
n|0〉+ΨBn b†n|0〉), (3)
the following recurrence relations are obtained:
t1Ψ
A
n + t2Ψ
A
n+1 = EΨ
B
n
t1Ψ
B
n + t2Ψ
B
n−1 = EΨ
A
n . (4)
As consequence of the inversion symmetry shown by the Hamiltonian in the case of even
chains, one finds |ΨAn | = |ΨBNc−n+1|. As the Hamiltonian anticommutes with the chiral
operator
C =
Nc∑
n=1
(a†nan − b†nbn), (5)
it is trivial to prove the electron-hole symmetry of the energy spectrum.
The question of finding the two quasi-degenerate energies in the middle of the spectrum
will be approached perturbatively. In this spirit, let us accept for the beginning that E = 0
is an eigenvalue and calculate the corresponding ΨAnandΨ
B
n . The recurrence relations (4)
provide the following behavior of the coefficients:
ΨAn = (−t1/t2)n−1ΨA1
ΨBn = (−t1/t2)Nc−nΨBNc . (6)
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In the topological phase (t2/t1 > 1), Ψ
A
n shows its maximum at n = 1, while Ψ
B
n reaches
the maximum value at the other end of the chain n = Nc. It turns out that the functions
|ΨA >= ∑nΨAna†n|0 > and |ΨB >= ∑nΨBn b†n|0 > represent two orthogonal edge states,
each one being localized at another end of the chain. The penetration length λ, defined as
|ΨAn/ΨA1 | = exp{−(n− 1)/λ}, is given by:
λ−1 =
1
n− 1 ln|Ψ
A
n/Ψ
A
1 | = −ln(t1/t2), (7)
and indicates that the strong localization of the edge states occurs for small ratios t1/t2. Ob-
viously, the functions {|ΨA >, |ΨB >} are only approximate eigenvectors of the finite chain
Hamiltonian, corresponding to the approximate eigenvalue E = 0. The actual eigenvectors
can be written as their superposition, so that the secular equation gives the eigenvalues:
E± = ±| < ΨA|HΨB > | = ±t2(t1/t2)Nc|ΨA∗1 ΨBNc|. (8)
In conclusion, the above analytical calculation provides the splitting ∆ = E+−E− between
the energies of the two topological edge states and proves the exponential decay of the
splitting in the limit of long chains.
In what follows we discuss the disorder effects on the penetration length λ of the topo-
logical edge states is affected by disorder. we take into account the off-diagonal disorder
obtained by considering the hopping parameter t2 as a random variable, while t1 is chosen
as the energy unit (t1 = 1). This is a chiral-type disorder in the sense that the Hamiltonian
describing the disordered system preserves the anticommutation relation with the chiral op-
erator C defined in (5), and, consequently, preserves the electron-hole spectral symmetry. To
be specific, the hopping parameter t2 is uniformly distributed in the range [t2 − W2 , t2 + W2 ],
whereW measures the disorder strength. Since the parameter t2 becomes a random variable,
Eq.(6) should be replaced by:
ΨAn = Π
n−1
i=1 (−t1/t(i)2 ) ΨA1 , (9)
while the penetration length (7) should be redefined as the configurational average over all
disorder realizations. Assuming a disorder strength W < 2t2 and t1 = 1, one obtains:
1
λ
=
−1
n− 1 < ln|Ψ
A
n/Ψ
A
1 | >=
∫ 1/2
−1/2
ln(t2 +Wx)dx, (10)
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which yields the following analytical expression:
1
λ
=
1
W
[−W + (t2 + W
2
)ln(t2 +
W
2
)− (t2 − W
2
)ln(t2 − W
2
)]. (11)
The dependence of λ on the disorder strength W is shown in Fig.2. One remarks the local-
ization effect induced by the increase of t2. However, more interesting is the delocalization
process of the topological edge states expressed by the increasing penetration length λ, which
takes place with increasing disorder. This result is in line with the finding in [19], where,
for a generic one-dimensional (1D) disordered model, the topological phase (ν = 1) persists
up to a given degree of disorder, where a localization-delocalization transition occurs.
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FIG. 2: The penetration length λ as function of the disorder strength W for several values of the
hopping parameter t2. The increase of λ indicates a delocalization process of the edge states.
III. SPECTRAL PROPERTIES OF THE OPEN SSH-CHAIN: EXCEPTIONAL
POINTS AND THE RIGIDITY OF THE WAVE FUNCTION
The open system consists in a finite SSH chain to which two semi-infinite leads (probes)
are attached at the sites n=1 and n=N, via the coupling parameter τc (see Fig.3). The leads
are one-dimensional and described by an energy spectrum Ek = 2tLcosk. When coupled to
leads, the SSH chain can be described by an effective Hamiltonian, which turns out to be
non-Hermitian, with broken time-reversal symmetry:
Heff = H +
τ 2c
tL
eik(c†1c1 + c
†
NcN) (12)
It is important to notice that Heff depends, via the parameter k, on the Fermi energy EF
of the electrons in the leads. Throughout the paper, this energy will be chosen EF = 0,
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corresponding the k = pi/2 in (12). At the same time, the hopping parameter t1 present in
H , is chosen as the energy unit (t1 = 1), so that the problem is defined in the parameter
space {t2, τc}. As already discussed, the length N of the SSH-chain is also an important
quantity.
The deduction of Eq.(12) is rather simple and is based on a projection technique (see,
for instance, the Green function approach in [24]).
FIG. 3: Schematic representation of the SSH chain, where A (red) and B(blue) represent the two
atoms in the unit cell, t1 connects the atoms in the same cell, and t2 connects the atoms in adjacent
cells. The first and the last site are connected to semi-infinite leads via the coupling parameter τc,
while τl is the hopping amplitude in the leads.
In order to obtain the complex eigenvalues of (12), one has to diagonalize the following
matrix (written below for an even number of sites):
Heff =


iτ 2c /tL t1 0 ... 0
t1 0 t2 ... 0
... ... ... ... ...
0 ... t2 0 t1
0 ... 0 t1 iτ
2
c /tL


. (13)
Before discussing the complex spectrum of longer chains, it is helpful to analyze two
short chains, with N=3 and N=4, which allow analytical solutions. These examples make
clear the spectral differences between the even and odd chains, mainly in the context of the
so-called exceptional points. For N = 3, the three eigenvalues read:
ω0 = iτ
2
c /tL,
ω± =
1
2
(
iτ 2c /tL ±
√
(iτ 2c /tL)
2 + 4(t21 + t
2
2)
)
. (14)
For N = 4, the four eigenvalues read:
ω1,± =
1
2
(
iτ 2c /tL + t2 ±
√
(iτ 2c /tL + t2)
2 + 4t21)
)
,
ω2,± =
1
2
(
iτ 2c /tL − t2 ±
√
(iτ 2c /tL − t2)2 + 4t21)
)
. (15)
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An exceptional point (EP) is defined by the degeneracy of two eigenvalues of the non-
Hermitian Hamiltonian, which comes out at a given value of the coupling τc. At such a
point, one occurs the coalescence at ReE = 0 of the real parts of the two eigenvalues and
also the bifurcation of the imaginary parts.
One notices from Eq.(14) that, in the odd case N=3, the condition ω+ = ω− is fulfilled
when the quantity under the radical vanishes, i.e. at τ 2c = 2tL
√
t21 + t
2
2. One observes also
that the imaginary part of the energies ω± is a nonanalytical function of τc, as all derivatives
diverge at EP.
On the contrary, in the case N=4 described by Eq.(15), the necessary condition for an
EP, which in this case reads as ω1− = ω2+, cannot be fulfilled (except for t2 = 0, meaning
in fact a broken chain).
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FIG. 4: Phase rigidity in the non-topological case (t2/t1 = 0.5) for ordered/disordered chains with
even/odd number of sites as function of the coupling strength. Panels a) and c) show that for
ordered even chains of length N = 4, 6 the EP is missing, however it appears for the ordered odd
chain with N = 5 (panel b). The significant result is that the chiral disorder induces EP in an
even chain, too (see the green line in panel d).
The question of exceptional points can be discussed also in terms of eigenfunction phase
rigidity, defined as:
ri =
| < ΨLi |ΨRi > |
< ΨRi |ΨRi >
, (16)
where < ΨLi | and |ΨRi > are the left and right biorthogonal eigenvectors of the non-Hermitian
Hamiltonian, and i is the eigenvector index. The rigidity measures the degree of biortogo-
nality of the eigenfunctions and depends on the strength of the coupling with the infinite
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leads. Obviously, for the Hermitian case τc = 0 one has < Ψ
L
i | =< ΨRi | such that ri = 1.
With increasing τc the rigidity decreases, and one proves [22] that the coalescenting states
show r = 0 at the EP. This is the case in Fig.4b for an ordered chain of length N = 5. As
a counterexample, Fig.4a and Fig.4c show a non-vanishing phase rigidity for chains with an
even number of sites (N = 4 and N = 6, respectively) and under non-topological condition
t2/t1 < 1. Nevertheless, the presence of rigidity dips in these figures indicates a quasi-
degeneracy of the real parts, and a smooth branching of the imaginary parts of the involved
eigenvalues. One may suspect that in the limit of N →∞ the rigidity ri → 0.
The analytical formulas for N=3 and N=4 and also the numerical results for longer
chains suggest that EPs are exhibited only by SSH chains with an odd number of sites.
The distinction between the odd and even chains consists in the absence, and respectively,
the presence of the spatial inversion symmetry. Apparently, the presence of this symmetry
prevents the appearance of exceptional points in the open SSH chains with even number of
sites. We have not a proof of that, nevertheless the study of disordered chains gives support
to this argument. Indeed, the chiral disorder introduced into chains with N=even breaks the
previous inversion symmetry, and, at the same time, gives rise to a vanishing phase rigidity.
This result is obvious by comparing Fig.4c and Fig.4d.
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FIG. 5: Phase rigidity in the topological case (t2/t1 = 1.5) as function of the coupling strength.
The states showing the vanishing rigidity in the presence of disorder (W = 1) are the topological
ones.
The eigenfunction phase rigidity induced by the non-Hermitian perturbation occurs also
in the topological phase (t2/t1 > 1), as shown in Fig.5. The vanishing rigidity is due again
to the chiral disorder, and it is exhibited by the topological eigenstates.
The way the parameter τc controls this effect can be followed by looking at the flow of
the eigenvalues in the complex plane {Im E, Re E} when τc is varied (see Fig.6). At τc = 0,
the eigenvalues are real and the splitting between the two topological levels is that one given
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by Eq.(8). An analytic perturbative approach shows readily that for small τc the real parts
of the topological eigenvalues attract each other. By numerical calculation, one finds that
also for larger coupling the real parts keep getting closer, while the imaginary part increases.
Finally, there is a value of τc where the real parts of the two eigenvalues coalesce at ReE = 0,
while the imaginary parts continue to increase.
Strictly specking, only the disordered chain (blue curve in Fig.6) shows a rigorous coa-
lescence, which corroborates the exceptional point shown by the phase rigidity in Fig.5b. In
what concerns the ordered chain (red curve in Fig.6), the coalescence is only approximate,
in agreement with the above discussion.
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FIG. 6: The flow in the complex plain of the eigenvalues corresponding to the two topological edge
states, when the chain-lead coupling τc is increased continuously. The ordered chain is described
by the red curve, while a disordered chain with W = 1 is described by the blue one. The arrows
indicate the increasing τc. (other parameters: t2/t1 = 1.5, N = 20).
Taking into account that for the infinite SSH chain the ratio t2/t1 dictates the presence
of the topological phase, it becomes of interest to study the role of this parameter also in
the case of open finite chains. In what follows, we illustrate how the external leads affects
the midgap edge modes already developed in the confined finite chain (and discussed in
Section II). We also detect a new type of midgap edge states in the non-topological range
(t2/t1 < 1), which are generated by the strong coupling to the leads.
The real and imaginary part of the energy spectrum of the open SSH chain of length N=20
is shown in Fig.7 as function of the parameter t2/t1, for different values of the chain-lead
coupling τc. The weak coupling case (τc = 0.1) shows in Fig.7a that the real part of two states
detach themselves gradually from bands with increasing ratio t2/t1 and merge continuously
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into two quasi-degenerate midgap edge states. At the same time, the eigenvalues acquire a
large imaginary part shown in Fig.7b, which denotes a short lifetime (defined as τ = ~/ImE)
of the topological edge states in the presence of the leads. This behavior of the complex
spectrum at weak coupling is equivalent to the transition from the insulating to topological
phase for an infinite chain (without leads), which however occurs sharply at t2/t1 = 1.
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FIG. 7: Real and imaginary parts of the eigenvalues of the effective Hamiltonian (12) as function
of the hopping amplitude t2, for an open chain with N = 20, at different chain-lead couplings:
τc = 0.1 (panels (a) and (b)), τc = 1.9 (panels (c) and (d)), τc = 2.1 (panels (e) and (f)). The
imaginary part indicates that the edges states have a much shorter lifetime τ = ~/ImE than the
bulk states.
An increased coupling reveals new physics as illustrated in Fig.7c and Fig.7d. This time,
two levels detach themselves from each band at small t2, next they become quasi-degenerate
at ReE = 0, and, finally, they split at large t2 into two states that return to the bands, and
the two topological mid-gap edge states. This level separation exhibited by the real part of
the spectrum is accompanied by a branching of the corresponding imaginary parts, which
show large values (i.e., small lifetime) for the edge modes, but a decreasing imaginary energy
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(i.e., increasing lifetime) of the states returning to the bands.
Fig.7e and Fig.7f describe the case of an even stronger coupling (τc = 2.1). This time,
four mid-gap edge states are generated, which, with increasing t2, evolve again into two
longlife band states and two topological edge states with a small lifetime. The hint for
understanding why there are four edge states at small t2 and strong τc comes from the
formation of A-B dimers at each end of the chain, which sum up a total number of four
quantum states. Strictly at t2 = 0, the eigenvalues corresponding to such a dimer can be
obtained immediately as:
E =
1
2
(iτ 2c
tL
±
√
−τ
4
c
t2L
+ 4t21
)
, (17)
and it is obvious that for sufficiently big τc, the eigenvalues are purely imaginary, i.e., the
states become of midgap-type.
The above examination of the spectral properties emphasizes that the coupling to the
leads assigns a finite lifetime to the topological edge states, which is much shorter than that
one of the bulk states. Moreover, one can show numerically that the degree of localization
near the chain ends increases with increasing chain-lead coupling. Secondly, we find that
the coupling is able to generate edge states in the gap even under non-topological conditions
(i.e., for t2/t1 < 1) if the parameter τc is sufficiently strong.
IV. QUANTUM TRANSPORT ON TOPOLOGICAL EDGE STATES AND CHI-
RAL DISORDER EFFECTS
From the point of view of the charge transport through the SSH chain, one may expect,
at the first sight, that the conductance should vanish in the range of the topological states
because of their localized character. However, the numerical calculation based on the Lan-
dauer approach indicates a non-vanishing transmission coefficient at energies in the middle
of the gap, where the topological states are located (see Fig.8). An exact analytical calcula-
tion is also accessible for the energy E = 0, and the result Eq.(22) indicates the same, and
also the vanishing of the conductance in the limit of long chains.
Obviously, the coupling to external leads should affect mostly the conductance of the
states localized at the edges of the system, and this is indeed visible in Fig.8. One notices
that for small coupling τc the two peaks in the middle of the spectrum are well separated,
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but with increasing τc they overlap and ends up with a fast decay of the transmission.
With the effective Hamiltonian (16) at hand, one may calculate the Green functionG(z) =
(z − Heff)−1 that enters the expression of the transmission coefficient in the Landauer-
Bu¨ttiker formalism. The Fermi energy in the leads being fixed at EF = 0, the whole energy
spectrum of the SSH chain can be scanned by applying a gate potential Vgate, which is varied
continuously [29]. Assuming that the leads are attached to the first and last site n = 1, N
of the SSH chain, the transmission coefficient is given in units e2/h by [30]:
T (Vgate, τc) =
4τ 4c
t2L
|G1N(Vg)|2sin2k = 4τ
4
c
t2L
| < 1|(Vg −Heff)−1|N > |2sin2k, (18)
where sink comes from the density of states in the semi-infinite leads. We remind that
EF = 0 corresponds to sink = 1.
Usually, Eq.(18) is evaluated numerically by scanning the whole spectrum as it is shown
in Fig.8 for a chain of length N = 8. One remarks that the transmission peaks on the bulk
states show a robust unitary limit (T = 1) with respect to lead-chain coupling strength,
while the transmission on the topological states is very sensitive to this coupling.
It is notable that T (Vgate = 0), which corresponds to the electron transmission at the
middle of the gap, can be calculated analytically exact. To this aim, besides the function G,
ra
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FIG. 8: Transmission coefficient as function of the chain-lead coupling τc for the SSH chain of
length N = 8. The lateral peaks correspond to the six bulk states, the central peaks are due to
the topological edge states (t1 = 1, t2 = 1.5).
one has to consider G0(z) = (z−H)−1, of the finite (isolated) SSH chain. Then, the matrix
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element G1N , needed in Eq.(18), is given by the Dyson equations:
G1N = G
0
1N +G
0
11γG1N +G
0
1NγGNN ,
GNN = G
0
NN +G
0
N1γG1N +G
0
NNγGNN , (19)
with γ = i(τ 2c /tL) (see Eq.12). It results immediately:
G1N = G
0
1N/[(1− γG011)(1− γG0NN )− γ2G01NG0N1]. (20)
The matrix elements of G0 can easily be calculated analytically using the recipe [31] for the
inversion of tridiagonal matrices:
G01N =
(
H−1
)
1N
=
1
t2
(t2
t1
)N/2
, (21)
and also G011 = G
0
NN = 0. By using these expressions in (20), and next in (18), we obtain
the following analytical formula for the transmission coefficient of the SSH finite ordered
chain with an even number of sites:
T (Vgate = 0, τc) =
(
4τ 4c /tL
2t22
)
(t2/t1)
N
[1 +
(
τ 4c /tL
2t22
)
(t2/t1)N ]2
. (22)
The transmission coefficient (22) shows an intriguing non-monotonous dependence on the
chain-lead coupling parameter τc, which is depicted in Fig.9a (red curve). The maximum
corresponds to a unitary transmission, the position of which can be deduced immediately
as:
τmaxc =
√
tLt2
(
t1/t2
)N/4
. (23)
One observes in Fig.9a that the disorder gives rise to a shift to the right of this maximum.
This aspect cannot be overlooked as it proves a disorder induced increase of the transmission
coefficient, whenever the chain-lead coupling is strong enough.
Aiming to get insight into the physics behind the non-monotonous behavior of the trans-
mission coefficient, we approach below the question of the density of states DoS in the energy
range of the topological states. Obviously, the coupling to the leads gives rise to the broad-
ening of the energy levels. The resulting overlap of the energy tails creates a non-vanishing
(and increasing with τc) density of states at E = 0, which can support the increase of the
transmission coefficient on the left-hand side of the red curve in Fig.9a. On the other hand,
one may also speculate that the coalescence process shown in Fig.6 affects the DoS at high
values of the coupling parameter.
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FIG. 9: Transmission coefficient at E = 0 (a) and complex topological eigenvalues (b) as function
of the chain-lead coupling τc for ordered (red) and disordered (blue) SSH chain. In both cases,
the unitary peak of T (E) corresponds to the intersection ReE = ImE in the spectrum (N =
20, t2/t1 = 1.5,W = 2).
Formally, the density of states reads:
g(E, τc) = −1
pi
Im
∑
i
〈Ψi|(E −Heff)−1|Ψi〉
= −1
pi
Im
∑
i
(E −ReEi + iImEi)−1,
(24)
however at E = 0, only the two poles coming from the topological levels E− and E+
contribute to the density of states. Since the real parts of two levels are symmetric about
ReE = 0 (ReE+ = −ReE− = ∆/2), and the imaginary parts are the same (ImE− =
ImE+ = Γ), one obtains:
g(E = 0, τc) =
2
pi
Γ(τc)
∆2(τc)/4 + Γ2(τc)
. (25)
Let us calculate the real and imaginary part of E+ and E− and represent them simultane-
ously in Fig.9b. We note that |ReE±| decreases with τc, while the imaginary part behaves
oppositely. As a result, as long as ∆/2 > Γ, the density of states (25) increases with τc,
but decreases in the opposite case ∆/2 < Γ. So, the maximum of the density of states is
reached for that value of τc where the real and imaginary part of the topological eigenvalues
intersect:
∆(τc)/2 = Γ(τc). (26)
The first remark is that the value of τc corresponding to the intersection coincides with the
value of τc where the transmission coefficient reaches its maximum in Fig.9a. This occurs
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both for the ordered and disordered chain (red and blue curves, respectively). The second
remark is that the curves corresponding to the disordered chain, intersect at a higher value
of the coupling than for the ordered chain. The implications of this last observation will be
discussed later in the context of disorder effects.
According to Fig.6, for larger couplings, close to the coalescence, one has ∆(τc) ≈ 0, while
Γ(τc) keeps increasing with τc, fact that implies a small lifetime τ = ~/Γ of the topological
states. In this range, the density of states (25) becomes:
g(E = 0, τc) = 2/piΓ = 2τ/pi~. (27)
It turns out that the continuous decrease of the lifetime gives rise to the continuous depletion
of the density of states, which in turn yields the decrease of the transmission coefficient also
beyond the coalescence point.
The conclusion of the above discussion is that the non-monotonous behavior of T (Vgate =
0, τc) follows the behavior of the density of states in the middle of the gap.
As we have already discussed, the non-Hermitian Hamiltonian (12), which describes the
transport problem, does not exhibit exceptional points in the case of ordered even chains.
However, let us consider also an associated Hamiltonian:
HPT = H +
iτ 2c
tL
(c†1c1 − c†NcN), (28)
which shows PT -symmetry and an exceptional point, which depends on τc. It is remarkably
interesting that the position of the EP shown by the spectrum of (28) coincides with the
transmission peak position at τc = τ
max
c . This can easily be proved analytically (by looking
for the poles of the Green function G(z) = (z −HPT )−1) and checked numerically by calcu-
lating the energy spectrum. Such spectral similarities between the two Hamiltonians of the
ordered chains are studied also in [32].
More insight on the manifestation of the topological states in open systems can be ob-
tained by examining other relevant quantities, like the dwell time and reflected flux delay.
The dwell time τD measures the time spent in the system by the electron injected from
the lead. According to the definition [33], the calculation of the dwell time pretends the
knowledge of the probability to find the incident particle inside the barrier, which next has
to be divided by the incident current. For our specific problem, the barrier consists of the
SSH chain, and the quantities of interest are to be calculated in the energy range of the
topological states.
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The Lipmann-Schwinger formalism provides the scattering wave function |Ψscatt〉, which
we project on all sites n of the chain. Then, the probability to find the particle inside the
chain is
∑
n |〈n|Ψscatt〉|2, and is given by the following expression, which we use to calculate
τD numerically: ∑
n
|〈n|Ψscatt〉|2 = τ 2c
∑
n
|〈n|H−1eff |1〉|2. (29)
(Notice that the above formula assumes the electron to be injected at the site n = 1. The
technicalities related to the deduction of (29) can be found in [24], and are no more repeated
here.)
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FIG. 10: Dwell time and inverse of the reflected flux delay as function of the coupling parameter τc
for ordered (red curves) and disordered (blue curves) SSH chain in the topological phase (t2/t1 =
1.5, N = 20,W = 2). The dwell time is scaled to have the maximum at τD = 1.
In contrast to the transmission coefficient, the dwell time plotted in Fig.10 exhibits a
monotonous decrease with the coupling parameter, with a significant drop about τc = τ
max
c .
One knows [34] that τD cannot distinguish between the transmitted and reflected flux, such
that one cannot say a priori whether the decay comes from an increasing transmission or
increasing reflection.
In the range of low coupling, the answer to the above question is simple, as the increasing
transmission (observable in Fig.9a for τc < τ
max
c ) obviously contributes to reducing the time
τD spent by the charge inside the system. On the other hand, for strong coupling, we know
(again from Fig.9a) that the transmission falls down drastically, such that the prevailing
process in this range should be the reflection.
The above conclusion is reinforced by the behavior of the reflected flux delay defined as
τR = τD/(1 − T 2). It is to remind that a small τR evidentiates a strong reflection process.
Then, by observing the behavior of 1/τR in Fig.10, one notices indeed a strong reflection in
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the range of large coupling τc. One may also observe that the zero of the reflected flux delay
coincides with the unitary maximum of the transmission coefficient in Fig.9a.
In what follows, we examine the combined effect of the chiral disorder and chain-lead
coupling on the transport properties of the SSH chain. Using (18), the transmission coeffi-
cient can be calculated for any given disorder configuration. Fig.9a exhibits the transmission
coefficient as function of the coupling for both the ordered chain (red curve) and a disordered
chain with W = 2 (blue curve).
The comparison of the two curves highlights a surprising behavior, namely: for weak
coupling (small τc), the disorder effect consists in reducing the transmission, however, in the
range of strong coupling, the effect is opposite. One notices that the significantly different
behaviors are associated to the shift with disorder of the transmission peak. The shift infers
that the condition (26), telling where the maximum occurs, is satisfied at higher values of τc
in the disordered case. This is indeed numerically confirmed in Fig.9b by the intersection of
the blue curves, which describe the real and imaginary part of the topological eigenvalues in
the disordered case. The shift of the transmission peak can be understood by replacing the
hopping parameter t2 in the expression (23) for τ
max
c with a smaller effective t
eff
2 acting in
the disordered case. We estimate below this effective parameter in the case of weak disorder.
Let us remind that the chiral disorder is introduced by turning t2 in each cell of the
ordered chain (indexed by i = 1, ..., Nc) into a random variable {t(i)2 }, which is equally
distributed in the range [−W
2
, W
2
]. A constraint on the mean value is imposed for each
disorder configuration, namely: 1
Nc
∑
i t
(i)
2 = t2. With t
(i)
2 = t2 + δi, the constraint becomes∑
i δi = 0. Then, any quantity of the type t
Nc
2 , which appears in formulas describing the
ordered chain (as, for instance, in (21)), should be replaced by the configurational average
< ΠNci=1t
(i)
2 >. For weak disorder, keeping only the terms up to the second power in δ, one
obtains:
< ΠNci=1t
(i)
2 >≈ tNc2 + tNc−22
∑
i
∑
j<i
< δiδj > . (30)
The fluctuations < δiδj > are easily estimated from:
<
(∑
i
δi
)2
>=
∑
i
< δ2i > +2
∑
i
∑
j<i
< δiδj >= 0, (31)
where, for the specific disorder distribution, the variance is known to be < δ2i >=
W 2
12
. It
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results that, for weak disorder,
< ΠNci=1t
(i)
2 >= t
Nc
2
(
1− Nc
24
W 2
t22
)
, (32)
proving that the disorder induced effective hopping parameter teff2 is smaller than t2:
teff2 = t2
Nc
√
1− Nc
24
W 2
t22
. (33)
This result is responsible for the shift of the transmittance peak in Fig.9a, but also for the
disordered increased splitting E+ − E−, which can be noticed in Fig.9b. Obviously, the
longer the chain, the smaller the disorder for which (33) is valid.
A full description, for any disorder, of the transmission on the topological states in the
parameter space {W, τc} is given in Fig.11. The two cases shown in Fig.9a for W = 0, 2 can
be identified immediately. The figure brings into attention the position of the transmission
peak (red region), which evolves versus higher values of the coupling as the disorder is
increased. This occurs, however, only up to W ≈ 3. Above this value, the topological states
are mixed up with disordered states coming from the bands, so that the topological phase
is destroyed.
For fixed values of the lead-chain coupling, different regimes can be observed in Fig.11.
At very small and large values of τc the transmission coefficient vanishes. However, two
types of disorder dependence can be detected in the range of interest about the transmission
peak. As examples, we observe that at τc = 0.2, the transmission decreases with the disorder
strength W , however, at τc = 0.4 the transmission is enhanced in the presence of disorder.
The enhancement occurs only for sufficiently large τc, the effect being apparent in Fig.11 for
τc & 0.3.
To understand the above effect, one has to keep in mind that, being localized near the
ends of the chain, the topological states conduct only inasmuch as they penetrate the middle
of the chain. Hence, the disorder-driven increase of the transmission should be accompanied
by a corresponding change in the local density of states along the chain. The expectation is
confirmed by the numerical calculation of the LDoS:
gn(E = 0) = −(1/pi)Im〈n|H−1effn〉. (34)
Indeed, in Fig.12 we observe that the local density of states in the middle of the chain is
sensible higher in the disordered case (green and blue curves) than in the ordered one (red
curve).
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FIG. 11: Transmission coefficient at Vgate = 0 in the topological phase t2/t1 = 1.5 as a function
of the disorder strength W and coupling parameter τc, calculated by averaging over 1000 disorder
configurations. The dashed line atW = 2 corresponds to the disordered case in Fig.9a. The dashed
line at W = 3 represents the border above which the bulk states coming from the two bands mix
up with the topological states. The number of sites is N = 20.
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FIG. 12: Local density of states at E = 0 in the ordered and disordered case, corresponding to
W = 0 (red), W = 2 (green) and W = 2.5 (blue). Note that the disorder increases the density
of states in the middle of the chain. In the disordered case, one averages over 5000 configurations
(t2/t1 = 1.5, τc = 0.5).
The response to the chiral disorder shown by the open SSH chain in the case of strong
coupling represents a signature of the disorder-driven electron conductance in 1D systems.
This effect was already met in two-dimensional systems (2D) like topological Anderson
21
insulators (TAI) [17], or in the situation when the edge states coexist with bulk states and
become functionalized by disorder [35, 36]. The possibility of finding the TAI phase in
disordered wires, and also in disordered gain-loss 1D systems is discussed in [37, 38].
We conclude the chapter by investigating the disorder effect on the dwell time and re-
flected flux delay, the result being shown in Fig.10 (blue curves). The first notable effect
is the reduced value of τD in comparison with the ordered case, visible in the range of low
coupling. As the transmission is also reduced in this range, the small dwell time comes from
the disorder increased reflectivity.
In what concerns the reflected flux delay, the range of interest is τc > τ
max
c , where
the smaller values of 1/τR (compared to the ordered case) mean a lower reflectivity and,
automatically, a higher transmission caused by disorder.
It turns out that the response to disorder of the local density of states, dwell time and
reflected flux delay endorse the behavior of the transmission coefficient in the presence of
the chiral disorder for the entire range of the lead-chain coupling.
V. SUMMARY AND CONCLUSIONS
The paper has two main objectives: to observe the fate of the topological edge states,
pre-existing in the finite SSH chain, when the system is opened by attaching semi-infinite
leads, and to find the effects of the non-diagonal (chiral-type) disorder and of the coupling
strength on the spectral and transport properties of the SSH chain in the topological phase.
The physics of the SSH chain in contact with the leads is controlled by three parame-
ters: the ratio t2/t1 (which dictates the topological/non-topological regime in the finite SSH
chain), the chain-lead coupling τc (which plays the role of the non-Hermitian parameter),
and the disorder strength W .
Two topological edge states, energetically located in the middle of the gap, arise only in
the finite SSH chains with an even number of sites, which show inversion symmetry. They
appear under the condition of a sufficiently large ratio t2/t1, and have a finite lifetime coming
from the non-Hermitian term in the Hamiltonian.
The flow of the topological eigenvalues in the complex plane is controlled by the coupling
τc, and it is qualitatively influenced by the chiral disorder (see Fig.6). For the ordered
chain, with increasing coupling, the real parts merge continuously versus ReE = 0. On
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the contrary, the coalescence of the real parts, indicating an exceptional point, occurs in the
disordered case, accompanied by the vanishing of the phase rigidity (Fig.5). In the finite SSH
chain, the chiral disorder delocalizes the topological edge states. This is proved analytically
by calculating the penetration length λ given by Eq.(11).
Zero modes of edge-type may appear in the spectrum of the open chain even under the
non-topological condition t2/t1 < 1. The occurrence of these modes, evident in Fig.7e, is
conditioned by a strong coupling to the leads, which affects significantly the ends of the
chain.
The electron transmission T (Vgate, τc) of the SSH open system is calculated numerically
using the Landauer-Buettiker formalism, and it makes evident in Fig.8 the transport on the
topological and bulk states.
Remarkably, an exact analytical expression Eq.(22) of the transmission coefficient can
be obtained for Vgate = 0, i.e., in the range of interest for the topological states. The
transmission shows a non-monotonous dependence on the chain-lead coupling, and exhibits
an unitary maximum, whose position depends on t2/t1 and the chain length N , and is shifted
by disorder (Fig.9). This behavior is explained in terms of the density of states, and it is
supported by the calculation of the dwell time and reflected flux delay.
The increasing strength of the chiral disorder gives rise to an enhancement of the transmis-
sion coefficient, if the chain-lead coupling is sufficiently strong. This is a new manifestation,
this time in a 1D system, of the disorder induced conductance in topological insulators.
In closing, the paper discusses the interplay between topology, chiral disorder and non-
Hermiticity, and points out a number of interesting spectral and transport properties, which
are the result of the combined effect of the disorder strength and the intensity of the chain-
lead coupling.
In view of an eventual experimental testing of the findings, one has to mention that dis-
ordered chiral symmetric wires were already synthesized [37]. The remaining question is the
engineering of the broken PT-symmetry corresponding to the non-Hermitian Hamiltonian
(13) with imaginary potential at the ends of the chain. It is encouraging that Song et al [6]
proved very recently that non-Hermitian Hamiltonians can be implemented by using wave
guides techniques.
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